Abstract. We study the class of dual operator algebras admitting a normal virtual h-diagonal (i.e. a diagonal in the normal Haagerup tensor product), this property can be seen as a dual operator space version of amenability. After giving several characterizations of these algebras, we show this class is stable under algebraic perturbations and cb-isomorphisms with small bound. We also prove some perturbation results for the Kadison-Kastler metric.
Introduction
In this paper, we are interested in a special class of dual operator algebras. Concretely a dual operator algebra is a w * -closed subalgebra of a certain B(H), the von Neumann algebra of all bounded operators on a Hilbert space H (see Section 2.7 in [2] for details on dual operator algebras), here we assume all our algebras to be unital. We consider the class of all dual operator algebras admitting a normal virtual hdiagonal in the sense of [2] Paragraph 7.4.8. Let us recall this notion (for background on completely bounded maps, operator space theory and non-selfadjoint algebra theory, the reader is referred to [2] , [9] , [14] and [16] ). In the following ⊗ σh denotes the normal Haagerup tensor product, see Paragraph 1.6.8 of [2] . Let M be a unital dual operator algebra. The M-bimodule structure of M ⊗ σh M is determined by the actions:
a · (c ⊗ d) · b = ac ⊗ db. We denote m M : M ⊗ σh M → M the completely contractive w * -continuous linear map induced by the multiplication. A normal virtual h-diagonal for M is an element u ∈ M ⊗ σh M satisfying: (C1) for any m ∈ M, m · u = u · m, (C2) m M (u) = 1.
In this paper we call such an element σh-diagonal. Note that condition (C2) implies that the norm of a σh-diagonal is always greater or equal to 1 (because m M is contractive). When a dual operator algebra M admits a σh-diagonal, M is said σh-amenable. This condition can be thought as an amenability condition (it is an analog of virtual diagonal) in the category of dual operator algebras. Therefore we will try to transfer properties of amenable Banach algebras to σh-amenable dual operator algebras. Especially we are interested in stability properties of this class of algebras under different type of perturbations: algebraic perturbations (i.e. neighboring multiplications), cb-isomorphisms and perturbation in the sense of KadisonKastler. Note also that admitting a normal virtual h-diagonal is a weaker condition than admitting a normal virtual diagonal (see remark 2.1 in [19] ), hence in view of Conjecture 1 in [19] , it is interesting to understand the class of σh-amenable dual operator algebras. In Section 2, we give different characterizations of σh-amenability. Recall that the initial definition of amenability for Banach algebras is in terms of vanishing of the first Hochschild cohomology group on dual Banach modules. For dual Banach algebras, two analogs of amenability have already been considered: one in terms of normal virtual diagonal and another one in terms of vanishing cohomology on normal dual Banach bimodules (i.e. Connes-amenability, see [20] ). The problem is that, unlike the Banach algebra case, this two notions do not coincide for dual Banach algebras, see [21] . This phenomenon can not happen for dual operator algebras; more precisely, σh-amenability is equivalent to vanishing of the first Hochschild cohomology group relatively to the normal completely bounded cohomology, see Proposition 2.3. This actually relies on the associativity of the normal haagerup tensor product. The idea of considering the normal completely bounded cohomology is inspired from [23] (see also [15] ). Furthermore, we also characterize σh-amenability in terms of neighboring representations. The link between geometry of representations and amenability is known to Banach algebraists (see [20] ). Finally as a direct application of Gifford's work, we describe w * -closed ideals of σh-amenable dual operator algebras (this description will be used in Proposition 3.13). In Section 3, we study the stability properties of the class of σh-amenable dual operator algebras. We first notice that σh-amenability is stable under algebraic perturbations see Proposition 3.4. This result is an analog of Theorem 3 [18] , but here we give a proof using [19] , so that we can give an explicit bound in function of the norm of σh-diagonal. Further, by an ultraproduct argument, we also prove that the class of σh-amenable operator algebras is stable under unital w * -continuous cb-isomorphisms with small bound (see Theorem 3.6). The objective of the second part of Section 3 is to prove perturbation results for the Kadison-Kastler metric in the continuation of [19] . Perturbations for various classes of non-selfadjoint algebras have already been considered (see e.g. [7] , [17] and [13] ). But here for our results, two hypothesis are needed: a complementation hypothesis (i.e. existence of a projection) and an amenability hypothesis (i.e. existence of a normal virtual h-diagonal or a normal virtual diagonal). In [19] , we could prove a parametrization of Theorem 4.1 [5] in function of the norm of the normal virtual diagonal (but we kept a completely contractive projection). We use here the term 'parametrization' because a dual operator algebra which admits a normal virtual h-diagonal of norm one is actually selfadjoint. The same phenomenon occurs for the complementation hypothesis, more precisely a unital operator algebra which is the range of completely contractive projection is necessarily selfadjoint. Hence we could imagine to incorporate the cb-norm of the projection as an extra parameter, Theorem 4.1 [5] is almost the special case of Theorem 3.9 corresponding to cb-norm of the projection equals one. The only problem is that we need to assume this projection to be w * -continuous. The only missing ingredient in order to find a 'full parametrization' of Theorem 4.1 [5] is an analog of Tomiyama's decomposition (into normal/singular parts, see [24] ) for σh-amenable (non-selfadjoint) dual operator algebras. We prove such a decomposition in the very special case when a dual operator algebra admits a virtual h-diagonal in the sense of [2] . As a peripheral result, we also show that a cb-complemented σh-amenable dual operator algebra which is close enough to a von Neumann algebra is similar to it (see Theorem 3.12).
Characterizations and permanence property
In this section, we give two characterizations of unital dual operator algebras admitting a σh-diagonal (see Corollary 2.7 below). The first one involves the normal completely bounded Hochschild cohomology of operator algebras. The second characterization is in terms of neighbouring representations. Definition 2.1. Let M be a unital dual operator algebra and X be a dual operator space which is a M-module. Then, X is called a normal operator M-module if the bilinear map
induced by the action of M on X is completely contractive and the map m ∈ M → m · x ∈ X is w * -continuous, for every x ∈ X .
The bimodule version of this definition is obvious (see Paragraph 3.8.2 in [2] for more details). One can be surprised that, in the previous definition, the w * -continuity of the map x ∈ X → m · x ∈ X is not required. Actually this w * -continuity is automatic from Corollary 4.10 in [3] . Consequently, from the universal property of the normal Haagerup tensor product, X is a normal operator M-module if and only if
extends to a completely contractive w * -continuous map from M ⊗ σh X into X . As X is the dual space, there is an operator space Y such that X = Y * . As X is a normal operator M-module, Y * * = X * can be turned canonically into a Banach M-bimodule and then it is easy to check that Y is a Banach sub-M-module of Y * * . Hence, normal operator modules are the operator space analog of the normal dual Banach modules (see [23] Proof. We give here a quick proof, see Lemma 2.5 in [1] . For simplicity, we just prove this for the left action of M. It is sufficient to prove that α :
This previous Lemma can not be stated with the normal (or binormal) projective tensor product (see [8] p. 139). The previous proof actually relies on the associativity of the normal Haagerup tensor product. The 'only if' part of the next proposition is still true for dual Banach algebras, whereas the 'if' part is not (see [21] ).
Following notation of [23] , when X is a normal operator M-bimodule, we denote H 1 wcb (M, X ) the first Hochschild cohomology group relatively to the normal completely bounded multi-linear maps. We recall from [19] that two representations of a dual operator algebra, admitting a σh-diagonal, which are close enough are necessarily similar. If S ∈ B(H) is an invertible operator, we denote Ad S the similarity implemented by S.
Proof. See Proposition 4.1 [19] , noticing that the proof works if one replaces B(K) by any arbitrary unital dual operator algebras.
Remark 2.5. Note that the previous Proposition works in the category of unital amenable Banach algebra with unital bounded homomorphisms (or unital dual Banach algebras with w * -continuous unital bounded homomorphisms), see [20] . Now we are going to see that the converse of the previous proposition is true. Let M, N be two unital dual operator algebras, we denote Hom cbw * (M, N ) the set of all unital w * -continuous completely bounded homomorphisms equipped with the metric induced by the cb-norm i.e. the distance be-
where N −1 ⊂ N denotes the group of invertible operators in N .
Proposition 2.6. Let M be a unital dual operator algebra. Suppose that for any unital dual operator algebra N , for any π ∈ Hom cbw
Proof. Let X be a normal operator M-bimodule and D : M → X be a w * -continuous completely bounded derivation. From Proposition 2.3, we must show that D is inner. Let N be the space of all elements of the form m x 0 m , where m ∈ M and x ∈ X . Actually, using the module actions, we can equipped N with a multiplication. Then N becomes a unital dual operator algebra (arguing as in Section 4 of To summarize:
Corollary 2.7. Let M be a unital dual operator algebra. The following are equivalent: 3. Perturbation of σh-amenable dual operator algebras 3.1. Algebraic perturbations. This subsection is inspired by Theorem 6.2 in [12] , where B.E. Johnson proves the stability of amenability for neighboring multiplications (that we call here algebraic perturbations). One can prove the analog for a σh-amenable operator algebra M by first noticing that every Hochschild cohomology groups H k wcb (M, M) (associated to the normal completely bounded cohomology) actually vanish, and then applying Theorem 1 of [18] . In the following, a bilinear m : M × M → M is called a multiplication on M if it is associative, extends to the normal Haagerup tensor product M ⊗ σh M and unital (i.e. m(1, x) = m(x, 1) = x). We know that given a multiplication m (from [2] Theorems 5.2.1 and 5.2.16), that M equipped with m is cb-isomorphic via a unital w * -homeomorphism to an actual dual operator algebra. Therefore, it makes sense to talk about the σh-amenability of (M, m). We denote by m M the original multiplication on M.
Lemma 3.1. Let M be a unital σh-amenable dual operator algebra. Then, H n wcb (M, M) = 0, for any n. Proof. Firstly, using the σh-diagonal to average, one can prove the analog of Theorem 1.7.4 in [23] . Denote CB σ (M, M) the set of all w * -continuous completely bounded linear maps from M into M and
Note that w * -continuity of Π(L) actually comes from the associativity of the normal Haagerup tensor product. There might be another way to prove this Lemma using a reduction of dimension argument, but computations might be longer.
Note that it is not too difficult to state the analog of Theorem 3 of The conclusion is the existence of constants δ, C > 0 and existence of a w * -continuous completely bounded linear isomorphism Φ of M satisfying
For the proof of this fact, one just has to apply the implicit function Theorem 1 in [18] (see also Theorem 7.3.1 in [23] ) to the right spaces of w * -continuous completely bounded multilinear maps. As a corollary, if M is σh-amenable, then (M, m) is also σh-amenable (because Φ is a unital w * -continuous cb-isomorphism between these algebras). The flaw in this -too general-approach is that the constant δ is implicit. Here we give another argument using [19] which enables us to explicit a bound. 
Recall that
Proof
. Let M be a unital σh-amenable dual operator algebra (with σh-diagonal u). Let m be another multiplication on
We can to apply the previous theorem to L : M → N . Let δ = 2 m cb m M − m cb , µ = 2 m cb and recall from the proof of Theorem 3.2 in [19] that ε = δ(4 u + 8µ 2 u 2 ). Here we need to require ε < 1, so that the resulting algebra homomorphism π is bijective, hence σh-amenability of (M, m M ) transfers to N and consequently to (M, m). In order to apply the previous theorem, we need the following condition to be satisfied:
But using the obvious fact m cb ≤ 1 + m M − m cb , we obtain that the previous condition is satisfied if
As u ≥ 1, this last condition would also imply that m M − m cb ≤ Proof. Suppose the assertion is false, then there exists η o > 0 such that for every positive integer n ∈ N * , there is a unital cb-isomorphism T n : A n → B n between some unital operator algebras satisfying T n cb ≤ 1 + 1/n, T −1 n cb ≤ 1 + 1/n and T ∨ n cb ≥ η o . Let U be a nontrivial ultrafilter on N, let us denote K 1 the unitization of the C * -algebra of all compact operators on l 2 . Denote also A U (resp. B U ) the ultraproduct Π n K 1 ⊗ min A n /U (resp. Π n K 1 ⊗ min B n /U ), this is a unital operator algebra (see [2] Chapter 2). Now consider T U : A U → B U the ultraproduct map obtained from the id K 1 ⊗ T n 's. Hence T U is a unital linear complete isometry between operator algebras, so T U is multiplicative (see [2] Theorem 4.5.13). This contradicts the hypothesis for all n, T
∨ , so the condition T ∨ n cb ≥ η o means that there are x n , y n in the closed unit ball of
which implies that
whereẋ (resp.ẏ) denotes the equivalence class of (x n ) n (resp. (y n ) n ) in A U . This last inequality contradicts the multiplicativity of T U (this ultraproduct argument is inspired from [11] ). Proof. Let M be a unital dual operator algebra admitting a σh-diagonal u. Applying Theorem 3.3 with µ = 2, ε = 1/2 gives a δ (as function of u ). Now we can apply previous Lemma with η = δ to obtain ρ and so we can define f ( u ) = ρ. Because if T : M → N is a unital w * -continuous linear cb-isomorphism satisfying 
Remark 3.7. It would be ideal to prove a non-unital version of the previous theorem involving the Banach-Mazur cb-distance.
3.2.
Perturbation results for the Kadison-Kastler metric. Let H be an Hilbert space, and B(H) the von Neumann algebra of all bounded operators on H. Let E, F be two subsets of B(H). Let γ > 0, we write E ⊆ γ F if for any x in the unit ball of E, there exists y in F such that
We also write E ⊂ γ F if there exists γ ′ < γ such that E ⊆ γ ′ F. We will need the notion of near cb-inclusion. As usual in operator space theory, M n (E), the set of n × n matrices with coefficients in E is normed by the identification
In Theorem 5.2 in [19] , N is injective i.e. N is the range of a completely contractive projection. The purpose of this subsection would be to parametrize Theorem 5.2 in [19] in function of the cb-norm of the projection. 
then T is injective and satisfies:
Moreover, if N ⊂ 1 P
M, then T is bijective and
Proof. Let x in the unit ball of M n (M), then there is y in M n (N ) such that x − y ≤ γ.
which proves (1).
For (2), let x, y in the unit ball of M n (M)
Consequently, using (1), we obtain
which gives (2). Now let's prove that T is injective. Let x in M n (M). From (1) and γ ≤ (1 + P cb ) −1 , we have
so T is injective (and has closed range). Now assume N ⊂ 1 P M. To conclude we just need to prove that T is surjective, because the inequality
will follow from the inequality we have just proved. Let γ
Denote t 1 = T (x), which is in the range of T . Applying the same procedure to 1 γ ′ P (y − t 1 ) (which is the unit ball of N ), we obtain t 2 in the range of T such that
Inductively, for any j, we can find t 1 , . . . , t j in the range of T such that
As γ ′ < P −1 , we conclude that y belongs to the closure of the range of T . But we have seen that T has closed range, so finally T is surjective.
For the following Theorem, we denote by F the polynomial function
The proof is similar to the proof of Theorem 5.5 in [19] . 
Proof. As u ≥ 1, we have γ < (1 + P cb ) −1 . Hence, by Lemma 3.8, there is a unital completely bounded w * -continuous linear bijection
Note that from the condition on γ, we see that
We also write µ = P cb and δ = (4 u +8µ
From Equations (3.2) and (3.3) above, we can apply Theorem 3.3 to the linear map T . Thus there exists a unital w * -continuous completely bounded homomorphism π : M → N such that T − π cb ≤ ε. Consequently
From equation (3.3), we have for any x ∈ M,
so π is injective and has closed range. For the surjectivity, let y in the unit ball of N . Put x = π(T −1 (y)). Further, we have (from Lemma (3.8))
Inductively, as in the proof of Lemma 3.8, we have that for any j, there are x j in the range of π such that
, (x j ) j converges to y. As π has closed range, it shows that π is surjective onto N . To conclude, we just need to apply Proposition 2.4. Clearly,
and we have seen above that
so we may obtain a similarity S such that id M = Ad S •π. As N is the range of π, this ends the proof. , the first difference that appears is that, here, we need a near cb-inclusion. But when M is injective von Neumann algebra, it is known that a near inclusion M ⊆ γ N implies the near cb-inclusion M ⊆ 6γ cb N (see Theorem 3.1 in [6] , with D = M n for arbitrary n and k = 1 thanks to injectivity). Actually, the real difference here is that we assume the w * -continuity of the projection P , whereas E. Christensen used Tomiyama decomposition of P into normal and singular parts (see [24] ). We will discuss a possible analogous decomposition for σh-amenable dual operator algebras in the last subsection. Such a decomposition would enable us to get rid of the w * -continuity hypothesis on P .
The w * -continuity of the projection P in the previous theorem is a strong hypothesis. For instance, if N were selfadjoint, it would be a von Neumann algebra of type I. The next Theorem can be compared with E. Christensen's result Theorem 6.1 in [4] . Note that the following result can be deduced from Theorem 5.3 in [19] , but in the type I case, we can improve the bound. , then there exists an invertible operator S in the w * -closed algebra generated by M ∪ N such that
Proof. As N is a von Neumann algebra of type I, N is the range of a completely contractive w * -continuous projection P . As before, let T = P |M : M → N . Now we have the following estimation,
cb ≤ 1 1 − 2γ and consequently
The proof essentially follows the previous one, but we want to apply Theorem 3.3 to T −1 , which is w * -continuous (by the Krein-Smulian Theorem) and unital. Here, we put µ = (1 − 2γ)
(1−2γ) 2 and
Moreover, as N is an injective von Neumann algebra, we can find a σh-diagonal u of norm 1 (see [8] ). Further, one can check that
so we can apply Theorem 3.3 to T −1 and find a unital w * -continuous completely bounded homomorphism π : N → M such that
As in the proof of Theorem 3.9, one can prove π is injective and has closed range. The surjectivity of π comes from the fact for any y in the unit ball of M, there is x = π(T (y)) in the range of π such that
hence, by induction as above, we conclude that π is bijective. Now the strict inequality in (3.4) enables us to apply Proposition 2.4 to π and id N , which gives the desired similarity.
The following theorem is a variant of Theorem 5.2 in [19] ; now both hypothesis (amenability hypothesis and complementation property) are endowed by the non-selfadjoint algebra. Proof. As before we denote T = P |N . By Lemma 3.8,
and T is bijective and T
. Denote T n the normal part of T . Then we also have
Hence T n is injective and has closed range. By induction as in Lemma 3.8, we can prove that T n is surjective. Let y in the unit ball of M, put
Therefore T n is a linear w * -continuous cb-isomorphism from N onto M. Define V = (T n ) −1 which is also a w * -continuous (by Krein-Smulyan Theorem) cb-isomorphism from M onto N . Now the proof essentially follows the proof of Theorem 3.2 in [19] . To apply Theorem 3.3, we need to unitize V . Note that
is invertible in N and we obtain (3.5)
Fix n, let x in unit ball of M n (N ), from Equation (3.5) we have
Therefore, by Lemma 3.8 and Equation (3.6) we estimate the defect of multiplicativity of L.
We can apply Theorem 3.3 to L. Put
By Theorem 3.3 we can find a unital w * -continuous completely bounded homomorphism π : M → N such that
Consequently, from Equation (3.7)
. Hence, applying Proposition 2.4 to π and id N , we find an invertible operator S in the w * -closed algebra generated by M ∪ N such that Ad S •π = id N .
To achieve the proof, it is sufficient to prove that the range of π is M. Note from the previous equation that π is injective and has closed range. Let y is in the unit ball of M, then
To prove the surjectivity (by induction as in Lemma 3.8) we just need to check that π − L cb L −1 cb is strictly smaller than one. However, from Equation (3.7)
which is strictly smaller than 1.
3.3. Predual properties: a special case. In this short subsection, we prove Tomiyama decomposition for a special subclass of σh-amenable.
Here we deal with a dual operator algebra M admitting a virtual hdiagonal (in the sense of [2] ), it means that M admits an element u ∈ (M ⊗ h M) * * satisfying conditions (C1) and (C2 Proof. By paragraph 7.4.9 in [2] , u is actually a normal virtual hdiagonal for the dual operator algebra M * * , in particular it enjoys the w * -complementation property. As in [22] , let M 0 * ⊂ M * * be the polar of M * , then M 0 * is a w * -closed ideal of M * * , hence its annihilator is also an w * -closed ideal of M * * . By proposition 2.8 above, there exists a unique central idempotent p ∈ M * * such that M 0 * = (1 − p)M * * . The rest follows [24] , one just has to define the w * -continuous part, for y ∈ M by T n (y) = ((T * ) |X * ) * (py) and the singular part by T s (y) = ((T * ) |X * ) * ((1 − p)y).
Question. Can we find an analogous Tomiyama decomposition for σh-amenable dual operator algebras ? More generally, it would be beneficial to investigate the predual properties of σh-amenable dual operator algebras.
